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Abstract We report some properties, especially bounds for the reciprocal reverse
Wiener index of a connected (molecular) graph. We find that the reciprocal reverse
Wiener index possesses the minimum values for the complete graph in the class of
n-vertex connected graphs and for the star in the class of n-vertex trees, and the max-
imum values for the complete graph with one edge deleted in the class of n-vertex
connected graphs and for the tree obtained by attaching a pendant vertex to a pendant
vertex of the star on n — 1 vertices in the class of n-vertex trees. These results are
compared with those obtained for the ordinary Wiener index.

Keywords Wiener index - Reciprocal reverse Wiener index - Distance - Diameter -
Molecular graph

1 Introduction

We consider simple graphs, i.e., graphs without multiple edges and loops [1]. Let
G be a connected (molecular) graph with the vertex-set V(G) = {vy, v2, ..., v,}.
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Fig. 1 Carbon skeleton of C
1-ethyl-3-methylcyclopentane /
and the corresponding labeled C
molecular graph G ,
e ¢ AN
C\ /C
c—cC "
C

The distance matrix D of G is an n x n matrix [dl- j] such that d;; is just the distance
(i.e., the number of edges of a shortest path) between the vertices v; and v; in G [2,3].

The reverse distance matrix or the reverse Wiener matrix RW of the graph G is an
n x n matrix [r;;] such thatr;; = d — d;; if i # j, and 0 otherwise [3,4], where d is
the diameter of G [1]. The reciprocal reverse Wiener matrix RRW of G isann x n
matrix [rr;;] such that rr;; = % = d_ld,_j ifi # jandd;; < d, and O otherwise [5].

Parallel to the definitions of the Wiener index [6] W(G) = Zi< j d;j using distance
matrix and the reverse Wiener index [4] A(G) = Ziq rij = %n n—1)d—-W(@G)
using reverse Wiener matrix of the graph G, the reciprocal reverse Wiener index
RA(G) of the graph G is defined as [5]

RA(G) = D rrij.

i<j

This quantity and some other structural descriptors derived from the matrix RRW
were used to produce QSPR models for the alkane molar heat capacity in [5].

The Wiener index is one of the oldest and the most thoroughly studied topolog-
ical indices [7—12], and some properties of the reverse Wiener index may also be
found [13,14]. We now report some elementary properties, especially bounds for the
reciprocal reverse Wiener index of a connected (molecular) graph.

A picture of a simple molecular graph G representing 1-ethyl-3-methylcyclopentane
is given in Fig. 1 and we give in Table 1 the distance matrix, the reverse Wiener matrix
and the reciprocal reverse Wiener matrix of G, respectively.

2 Preliminaries
Let G be a connected (molecular) graph with n > 2 vertices. Let D(G, k) be the num-

ber of the unordered pairs of vertices of G that are of distance k, fork = 1,2, ...,d,
where d is the diameter of G. Then
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Table 1 Distance matrix D,
reverse Wiener matrix RW and
reciprocal reverse Wiener matrix
RRW of G in Fig. 1
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Fig. 2 Three graphs with 5 vertices: complete graph Ks, star S5 and tree Y5

d—1

RA(G) = Z w

P d—k

ifd > 2.

Ys

Let K,, and S,, respectively be the complete graph and the star with n vertices [1]. Let
Y, be the tree formed by attaching a pendant vertex to a pendant vertex of the star

S,—1. Examples of these graphs on five vertices are given in Fig. 2.
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3 Properties of reciprocal reverse Wiener index

Now we give some lower and upper bounds for RA in terms of the number of vertices
and the number of edges. Let K,, — e be the graph obtained from the complete graph
K, by deleting an edge.

Proposition 1 Let G be a connected graph with n > 3 vertices. Then

OfRA(G)gn(nT_l)—l

with left (right, respectively) equality ifand only if G = K, (G = K, —e, respectively).

Proof Since rr;j > 0, we have RA(G) > 0 with equality if and only if d = d;; =1
foralli, j =1,2,...,nwithi # j, ie., G = K.

On the other hand, note that rr;; < 1 with equality if and only if d;; = d — 1
and i # j, and that there is at least one pair of i, j with i # j such that d;; = d
and then rr;; = 0. Thus, RA(G) < M"T_l) — 1 with equality if and only if there is
exactly one pair of i, j with i # j such that d;; = d and for any other pair of 7, j
withi # j,d;j =d — 1 =1, i.e., there is exactly one pair of i, j with i # j such
that d;; = 2 and for any other pair of 7, j with i # j,d;; = 1, which is evidently
equivalentto G = K, —e. O

Proposition 2 Let G be a connected graph with n > 3 vertices and m edges. Then

3
n(n—l)_ﬂ_1 ifmf(n+1)(n_2)
2 2 3

RA(G) =

with equality if and only if G has diameter 2 for m > G has diameter 3
and D (G,3) = 1 form < W and either G has diameter 2 or G has diameter
3and D(G,3) = 1 form = @H=2,

(n+1)(n—2)
3 b

Proof Let d be the diameter of G. If d = 1, then G = K,, and thus RA(G) = 0.
If d = 2, then by the definition of reciprocal reverse Wiener index, RA(G) = m. If
d > 3, then

d—1 d—1

D(G,k) _D(G,1
RAG) = d( k)f (2 '+ 2 PG
=1 - k=2
:D(§,1)+n(n2_l)_D(G’l)—D(G,d)
nn—1) m
_ne=b m b6
2 2
L= om
= ) 2
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with equality if and only if G has diameter 3 and D(G,3) = 1. It follows that
RA(G) < max {m, "<”2_ D _ Z— } and then the result follows easily. O

A simple example G in Proposition,2 when m = w , the diameter is 3 and
D (G, 3) = 1 is the graph formed from K4 — e by attachmg a pendant vertex to a
vertex of degree two.

For v; € V(G), TI'(v;) denotes the set of its (first) neighbors in G and the degree
of v; is §; = |I'(v;)|. The term Z?:l 812 is known as the first Zagreb index of G,
denoted by M (G) [15-20].

Proposition 3 Let G be a triangle- and quadrangle-free connected graph with n ver-
tices, m edges and diameter d > 3. Then

nn—1) d-2ym d-3][1
RA (G) < 7 -1 4= 2|:M1(G) j|—D(G,d)

with equality if and only if d = 3, 4.

Proof Since G is triangle- and quadrangle-free, we have D (G, 2) = ZvieV(G) (‘;z )

= %Ml (G) — m. Then it is easily seen that

d—1 d—1
D(G,k)y D(G,1) D(G,2)
RA(G) = < D (G, k
@ ; d—k — d-1 d-2 +§ (G. k)
D(G,1) D(G,2) nm-1)
= —-D(G,1)-D(G,2)—D(G,d
R 5 (G.1) = D(G.2) — D (G.d)
_n(n—1) @d—-2)ym d-3 1M G) — D(G.d)
T2 d—1 d—2[2"" ’
with equality if and only if d = 3, 4. O

Now we consider trees.

Proposition 4 Let G be a tree with n > 4 vertices. Then

n?—4n+7

n—1<RA(G) < >

with left (right, respectively) equality if and only if G = S, (G = Y, respectively).

Proof Let d be the diameter of G. Then d > 2. Suppose without loss of generality
that vivy ... v441 be a diametrical path of G, where V(G) = {vy, va, ..., v,}.
It is easily seen that

(d+1)—1 d d d—1

d
1
Z rFid+l = eri’dJ“] - z d— d: d+1 Zl Z a

i=1 i=2 i=2 i=1
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and for 2 < j < d, we have

j—1 -1 1

Jj—1 Jj—
le}"rjj—zd dl]:_ P (J_l): -

i=1 i=1

Thus
d+1j-1 d j-1 d
ZZVVU = errij +Z”ri,a’+l
j=2i=1 j=2i=1 i=1
d j-1 d—ll
-+ n
jz=;z=l d— i=1 !
-1 d—ll
:d—1+zlf=d+272d
i=1 i=2

with equality if and only if d = 2, i.e., G = §,,.
Forany j withd +2 < j < n,itiseasily seenthatds;, ..., dy ; <d, rraj,..
rra,j > d+1, and then

.

d+1

1
Drrijzd+1-2) —— =1
g d—1

withequality ifand only if d; = dy11,j =d anddy; = --- = dy; = 1 orequivalently
G = S, because G is acyclic. Thus

n d+1

Z er,]> Z l=n—-d-1

Jj=d+2 i=1 j=d+2

with equality if and only if G = Sj,.

Obviously, 27:01 3 ZZJ;} 4o Trij > 0 with equality if and only if d;; = d for any
i, jwithd +2 <i < j <n,whichholds if G = §,.

It follows that

d+1j-1 n d+1
RAG) =D D rrj+ D Drryj
j=2i=1 j=d+2 i=1
n j—1
+ > D rrjzd+(—d-1)+0=n—1
j=d+3i=d+2

with equality if and only if G = Sj,.
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Now suppose that d > 3 and j > d + 2. Obviously, Z{:_;Jrz rrij < ] —d -2
with equality if and only if d;j = d — 1 for j > i > d + 2, and then Z'l.’:_ll rrij <
jo—d =2+ S Td = 3 then 37 iy < j 34043 = -3
with equality if and only if d;; = 2for j > i > d +2withi # j,ie,G =Y,.
Suppose thatd > 4. If dj = d ordy41,j = d, thends; < d —2,1ie.,rr3; < %
and thus> /" rrij < j =3+ 0+ 1 = j—3.1fd; # dand dgy1,; # d, then
d]j, d2j, c »dd-i-l,j <d-1, andthusdgj, d3j,d4j <d-2, i.e.,rrgj, rr3j,rr4j < %,
implying that Z{:—ll rrij < j —4+ % x3=j— % So for d > 3, we have

n j—1 n _ A —
Z eriji Z (j_g):(n—l—d 3)2(11 d—1)

j=d+2 i=1 j=d+2

with equality when d = 3 if and only if G = Y,,. It follows that for d > 3,

d+1j—1
RA(G) = Zer,]+ Z erlj
j=2i=1 Jj=d+2 i=1
T rd-3(—d-1)
<d
+Zz + 5
§d+d—2+(n+d—3)(n—d—l)
2 2
_(=3)(n—1) d*—5d+2
B 2 2
L =de-D
2
_n2—4n+7
= 5 ,
and if the bound ‘2‘"” is attained then d = 3, and >i_;.» Z{;l rrij =

M, implying that G = Y,,. Conversely, if G = Y, then the bound is

obtained. O

Remark 5 Let G be aconnected graphonn > 4 vertices with a connected complement
G [1]. For n = 4, there is exactly one such pair of graphs P4 and P4 = P4, for which

RA (P4)+RA (E) = 7. Suppose thatn > 5. Let m and i be respectively the number

of edges of G and G. If one of m and 7 is at least ergﬂ W,

_ _ 2 _ i
then as m < ”("2 D _ ("+1)3(" 2 _n _6"+4 < ("+1)3(” 2 we have by Proposition 2

that

, say m >

> ) =nn—-1—-1—-—

RA(G)+RA(6)§m+[”("—_1) @—1} 3?
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and thus RA (G) +RA (G) < n(n— 1) — 1 — 202D = 202 5nb 1l wiehy equality if
and only if G has diameter 2, G is a tree with diameter 3 and D (E , 3) = 1, which
is impossible, implying that RA (G) 4+ RA (6) < 2”2*# Ifm,m < W,
then by Proposition 2,

RA(G)+RA () < 2= D _m nn-1) w338

S T A

2 2 2 2 4

with equality if and only if both G and G have diameter 3and D (G, 3) = D (6 , 3) =1.

2 2 2 2 .
Thus, RA (G) < max | 2555l 3wzt Noge that =318 < 202-9nl yigh

equality if and only if n = 5. Now we have:

(@) RA(G)+RA (6) < 2"2_# with equality if and only if G is the graph formed
from the path on 5 vertices by adding an edge between the two neighbors of its
center;

(b) If G and G have at most w edges, then RA (G) + RA (5) < 3"27#.

4 Conclusions

In this report, we establish some basic properties for the reciprocal reverse Wiener
index. We find that both the reciprocal reverse Wiener index and the ordinary Wiener
index possess the minimum values for the complete graph K, in the class of n-vertex
connected graphs, and the minimum values for the star S, in the class of n-vertex
trees. However, the reciprocal reverse Wiener index behaves quite differently from the
ordinary Wiener index for the maximum values: the reciprocal reverse Wiener index
and the ordinary Wiener index are at maximum for the complete graph with one edge
deleted K,, — e and the path P, respectively in the class of n-vertex connected graphs,
and at maximum for the tree Y, (obtained by attaching a pendant vertex to a pendant
vertex of the star S;,_1) and the path P, respectively in the class of n-vertex trees. Our
study echoes the statement found by QSPR models in [5]: the reciprocal reverse Wiener
matrix reflects some structural features that are absent from the distance matrix.
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